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Thus, for material of given composition and fixed K, r1/2
will change with the square of the radial distance within the
spherical object, with a sensitivity inversely proportional to
the thermal diffusivity. For a given value of r, r1/2 will depend
only on K and a, again in an expected manner: for large a the
half-heating times become large, also in a quadratic manner.

A quick qualitative sketch of the thermal gradients can be
made if one recognizes that r1/4 and r3/4 are given by

T1/4 = (fl2/K7T2){/,(8/3) - [(77(7)2/6]} (15)

- [(7r0-)2/6]} (16)

In conclusion, the concept of the half-heating time offers
a simple manner of estimating the rate of appearance of tem-
perature distributions and the manner in which they depend
on the physical properties of the system. For spherical objects,
it is approximately given by a remarkably simply equation
whose accuracy extends over a wide range of conditions.
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Nomenclature
defined in Eqs. (13) and (15)
plate thickness or half thickness, Eqs. (3) and
(10)
convective coefficient
thermal conductivity
absorbed incident surface heat flux
incident surface heat flux

= temperature
— time

jc, y, z = spatial coordinates
a = constant, Eq. (1)
/3 = real constant defined in Eq. (8)
K = thermal diffusivity
A = indexed eigenvalues
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p = surface absorptance
pQ = constant surface absorptance
</>(*) = eigenfunction

Introduction

T HERE are many instances in high energy systems in
which the input heat flux to a surface is dependent on

the temperature of the surface. One example is the laser
heating of a metal surface in which the surface absorptance
increases linearly with surface temperature.1'2 Another ex-
ample is linear particle accelerators in which the resistive
losses in the cavity are proportional to the cavity surface tem-
perature. The temperature solutions to such problems can be
unstable in the sense that the surface temperature increases
exponentially with time. In many cases this situation is un-
desirable and the rear surface (the surface opposite the heat-
ing) is cooled convectively. An analytical solution will be
developed for the case of an insulated rear surface and for a
convectively cooled rear surface. The stability of these tem-
perature solutions will be examined.

Problem
A simple problem to illustrate the solution technique will

now be described. A laser irradiates a metal plate that extends
far into the y and z directions so that all the temperature
variation is in the x direction, i.e., the problem is one-di-
mensional. The plate is insulated on the rear surface (an ex-
cellent approximation for short time high energy laser heating
of a thin plate) as shown in Fig. 1.

The front surface absorptance is given by:

P = Po + (1)

The fact that the absorptance is given, to an excellent ap-
proximation, by Eq. (1) is well documented.2 The heat flux
is then given by

q = (2)

The governing equation and boundary conditions are then
given by

32T 1 dT
dx2 ~ K dt

T(x, 0) = 0 for 0 < x < c
. dT— k — = pqt = pQqi + otq-T

dx

(3)

x = 0

The solution to Eq. (3), using the method described in the
Appendix is

Al

exp( - (4)

Where the various terms are defined in the Appendix. The
eigenfunction is

cf)m = cos Am(* - c) (5)

where \m is a root of

Amctan(Amc) = -(caqjk) (6)
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Fig. 1 Problem boundary conditions.

In solving Eq. (5), it is noted that when the eigenvalues,
J,, are arranged in the following sequence:

< A? < • - - < X2
m (7)

then the rath eigenfunction will have ra zeroes on the problem
interval (0 < x < c).3 Since the imaginary eigenvalues will
always occupy the lowest positions in the sequence, the num-
ber of imaginary eigenvalues that exist can be determined by
counting the zeroes, on the 0 to c interval, of the eigenfunction
that corresponds to the first real eigenvalue. In this case, the
first real eigenvalue satisfies the following inequality:

(7T/2) < < 77 (8)

Thus, Eq. (5), by inspection, has one zero on the interval
0 < x < c and, consequently, there is one imaginary eigen-
value and the first term of the summation in Eq. (4) is

(9)

and /3 is real and determined from

]3c tanhGSc) - (caqjk)

where

The solution [Eq. (4)] clearly contains a term that grows in
time, and therefore, the temperature solution increases ex-
ponentially in time.

Additional Problems
Referring to Fig. 1, let the rear insulated surface now be

convectively cooled. This situation is encountered when the
heat loading on laser mirrors or particle accelerators is sub-
stantial enough to require active cooling. A stable tempera-
ture solution is one that is bounded in time. A stable tem-
perature solution will ensure that the accelerator or mirror
stabilizes at some (unspecified) temperature while an unstable
solution will result in a temperature that increases exponen-
tially in time.

Assuming the case of a laser mirror, the governing equa-
tions are

l dT
K dt

d2T
dx2~~

T(x9 0) -0 for

dx ~ Pqi ~ f

-c < x < c

tft + aqtT(-c, f)

(10)

The eigenfunctions are

4>m(x) = cos[Aw(* - c)] -(h/kXm)sm[Xm(x - c)] (11)

and the eigenvalues are the roots of

tan(2Amc) = (12)

The solution, employing the same techniques discussed in
the Appendix, is

T(x9 0 - 2qtac
[x - c - (k/h)]

where

1 _ sin(4Ac)
C(A) 4A

h

c +
sin(4Ac

4A
)1
J

+
2k\2 - cos(4Ac)] (13)

The interesting part of the above solution is that for the
solution to be stable, the following inequality must be satis-
fied:

k(h - qta) > 2qiahc (14)

otherwise, using the same reasoning as in the previous section,
the first two eigenvalues will be imaginary and the temper-
ature solution will increase without bound. Expression (14)
is a convenient expression for the quality of the active cooling.
If one operates comfortably within the criteria of Eq. (14)
then, in principle, the mirror/accelerator will always stabilize
at a specific temperature, provided that all the other boundary
condition and linearity criteria are met.

Summary
An analytical solution to the high energy heating of metals

in which the surface heat flux increases with temperature has
been developed. The solutions result in purely imaginary ei-
genvalues, which lead to temperature solutions that can in-
crease exponentially with time. For many situations, an un-
bounded temperature solution is undesirable. A simple
expression for avoiding such a temperature solution was de-
rived.

Appendix
There are several techniques available for solving Eq. (3),

the classical product solution method being one. A technique,
described by Olcer4 was selected, however, due to its power
and the ease of extending the solution to more complex prob-
lems. Olcer's method does have to be modified slightly to
solve Eq. (3) and what follows will describe that modification.

Olcer's method restricts aq{ to negative values. If that re-
striction is ignored the following expression follows from Eq.
(3):

n*,0 = *f 2 -
/C m = Q

where

Ai
[I-

(Al)

= [sin(2Ac/4A] + (c/2)
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The eigenvalues can now take on imaginary values, how-
ever the functions 4>m still comprise a complete orthogonal
set.3 Although Eq. (Al) is apparently a solution to Eq. (3),
it has two distinct disadvantages. It diverges slowly and, be-
cause its derivative with respect to x does not converge uni-
formly, it cannot be proven to satisfy the boundary conditions
in Eq. (3).

The following technique is, therefore, employed. Take the
limit of Eq. (Al) with respect to time:

,:_ «. . _ Mi $ C(Aj«U*)cos(Amc)

[1 - exp(-KAgr)] (A2)
k Xg

Then take the derivative of Eq. (A2) with respect to time

ul
(A3)

Then solve Poisson's equation for this condition

fe(*)cos(A0c) [exp( _ ̂ y (A4)^T
dx2

The solution of this differential equation is

- 0]cosh(/3c)exp(K/32)

+ a^x + a0 (A5)

Where a^ and a0 are constants of integration. Enforcing the
boundary conditions in Eq. (3) and equating the result to Eq.
(A2) yields the following relation:

k ~, A 2
Z

+ Pog, C(A0)(ft0(.y)cos(AQc)
A Q

From which it follows that

Po

(A6)
Po
a

c t} = -— - '̂ y
a k m = i A 2

(A7)

Equation (A7) converges rapidly and dT/dx converges uni-
formly on the interval 0 < x < c.
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Mixing of Multiple Coflowing
Confined Laminar Streams
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Introduction

T HE improved design of chemical reactors, combustors,
injectors, and other devices requiring the mixing of mul-

tiple streams, depends on our ability to obtain rapid and ef-
ficient diffusion of momentum, mass, and heat among these
streams. In the traditional technology, the most frequently
employed flow configuration for fluid mixing is the confined
circular jet with or without a secondary coflowing stream.
Recent requirements of improved performance, emphasizing
robustness and efficiency, call for new approaches in the de-
sign of such rapid mixing equipment. In this note, it is pro-
posed to study the possibility of using multiple streams to
enhance the mixing process, thus resulting in more compact
and less expensive devices.

The development of a circular jet with a coflow in a circular
pipe has been studied for its significance in a number of en-
gineering applications. The first systematic and comprehen-
sive experimental study of the problem is that of Razinsky
and Brighton.1 In their work, pitot probes and hot-wire ane-
mometry were used to study the effects of Reynolds number,
velocity ratio (jet to secondary coflow velocity), and radius
ratio (jet radius to pipe radius) on the flowfield. Other studies
followed, including that of Suzuki et al.2 which involved non-
isothermal conditions, concentrating on different flow re-
gimes. However, it was the study of Khodadadi and Vlachos3

which provided a comprehensive set of measurements using
the laser doppler anemometry (LDA) technique that led to
a better understanding of the influence of large-scale orga-
nized structures on the flowfield, especially in the initial mix-
ing region. In the same study a k-e model of turbulence was
employed to numerically predict the experimental data with
limited success.

All studies up to now, however, involve the mixing of two
coaxial streams (i.e., a central jet and a coflow around it). In
the present work, the flow and heat transfer characteristics
of systems with three coaxial laminar streams are numerically
analyzed. The differences in the mixing process and the ex-
istence of separated flow regions resulting from the presence
of the additional streams are determined. A second-order
accurate, strongly implicit technique is employed for the so-
lution of the governing fully elliptic Navier-Stokes equations.
Results obtained for a range of the governing parameters are
presented and demonstrate the increased mixing due to the
presence of the third stream.

Governing Equations
The governing equations for the axisymmetric, steady, lam-

inar, incompressible flow of a Newtonian fluid with constant
properties in nondimensionalized form are

V • V = 0

(DVIDf) = -Vp + (l/Re)V2V

(DO/Dt) = (l/Pe)V20

(1)

(2)

(3)
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